
S T A B I L I T Y  A N A L Y S I S  O F  T H E  A X I S Y M M E T R I C  

M O T I O N  O F  A G A S  

A .  V .  I I ' y u s h c h e n k o  a n d  S .  A .  K h o l i n  UDC 532.5 

We c o n s i d e r  the p r o b l e m  of the s tabi l i ty  of the c o m p r e s s i o n  and expansion of an a x i s y m m e t r i c a l  gas  with 
a spa t ia l ly  cons tan t  dens i ty .  The analogous  p r o b l e m  f o r  the s p h e r i c a l l y  s y m m e t r i c a l  case  has  been  i n v e s -  
t i ga ted  p r e v i o u s l y  [1]. 

F o r  the  unpe r t u rbe d  mot ion  we adopt the  s e l f - s i m i l a r  solut ion 

p = pot~/t~, u---- r / t ,  

w h e r e  r i s  the E u l e r  d i s tance  to the  z axis ,  P0 and t o a r e  cons tan t s ,  t - -  +oo in expa~gion,  and t -* -0o in c o m -  
p r e s s i o n .  

We a s s u m e  below tha t  the  mot ion  is adiabat ic ,  with adiabat ic  exponent  Y > 1. This unpe r tu rbed  mot ion  
c o r r e s p o n d i n g  to  cy l ind r i ca l  c o m p r e s s i o n  (or expansion)  of a gas  co lumn with a p r e s s u r e  at  the boundary  of the 
gas  tha t  v a r i e s  a cco rd ing  to the  power  law 

p = Ap~ = po(to/t)~T. 

Qual i ta t ive ly ,  ins tabi l i ty  s e t s  in because  the p r o b l e m  involves  two ve loc i t i e s :  the ve loc i ty  of the  gas  u = r / t ,  
which depends  on the  r ad ius ,  and the v e l o c i t y  of  sound,  which is cons t an t  in space .  We r e p r e s e n t  the  p e r t u r b e d  
mot ion  in t~e f o r m  

P = Po (t~/t~) [ t § r (r, t)], u = (r/t) [ l  -}- v (r, t)]. 

We a l so  r e g a r d  the  p e r t u r b a t i o n  as  a s m a l l  quant i ty  and r e t a in  only t e r m s  l i nea r  in co and v in the equat ions .  
If in the equat ion  of eontinuity and the  E u l e r  equat ion  

Op/Ot -}- div pu = 0, Ou/Ot -}- (uv)u = --( i /p)vp 

we t r a n s f o r m  to Lagrang ian  c oo rd i na t e s  t ,  R = r / t ,  we obtain  the fol lowing e x p r e s s i o n s  f o r  the dens i ty  and 
ve loc i ty  pe r t u rba t i ons :  

tOv/Ot + v = --(cVR)O(o/OR, tO(o/Ot + (l /R)OR2v/OR = O. 

Consol ida t ing  t he se  equat ions ,  we obtain a s ingle  equa t ion  fo r  co(R, t): 

t202(o/dt ~ -{- 2tOo~/Ot - -  c~{O%)/OR 2 �9 (t/R)Oo)/OR} = O, 

the so lu t ion  of which  we expand in  a s e r i e s  of Bes se l  funct ions :  

r (R, t) = ~ r (k, t) Jo (kR).  
h 

The funct ion co(k, t) s a t i s f i e s  the  equat ion  

t~O2co/Ot 2 § 2tOo~/Ot -}- c~k~o = O. 

Since in th is  equat ion c 2 = c~[t [-z(y-1),  where  c 0 is a cons tant ,  f o r  y r 1 its so lut ion has  the f o r m  c0(k, t) = 
] t [-1/z { A J v ( x  ) + B j_v (x )}  ' where  v = I/2(- / - 1); x = [ c0k / (y  - 1)][ t 1-(Y-l); and A, B, D are  cons tan t s .  

As t ~ - 0  

c0(k, t) -~ D It l cV ~')(~-z) cos (x § ~v/2 - -  ~/4). 

Hence it  is  c l e a r  tha t  in c o m p r e s s i o n ,  if 3/ < 2, the mot ion  will be uns table .  The ampli tude of the s tanding wave 
g rows  in an osc i l l a t ing  m a n n e r .  F o r  -/ > 2 the mot ion  will  be s tab le .  
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in the i sothermal  case (7 = 1)r t) has a power-law dependence on the time: 

o (k, t) = C~t ~ + C~t ~2, 

where al ,  2 = 1/2 =~1/4 -- 02k2)1/2 and C i, C~ are constants.  When ~ is complex,valued,  C i =~2- In the i so ther -  
mal case the motion is unstable, and the amplitude growth depends on the wavelength. 

If we express  the growth of the per turbat ions  in t e r m s ' o f  the relat ive compress ion  p/Po, we have 

(Ap/p)/(Ap/p)0 ~ (plpo) (~!4)r ~ (piP0) 1/4, 

because for  rea l  gases  1 _< T -< 2. 
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The investigation of the propagation of p r e s s u r e  per turbat ions  in a liquid sa tura ted  with vapor bubbles 
has produced two different models describing this p roces s .  In [1] the wave evolution p rocess  is analyzed f rom 
the point of view of a thermodynamic-equi l ib r ium model, in which the charac te r i s t i c  sound velocity is ca l -  
culated in the fo rm [2] 

.+ = (.p/'o)'<'O, 

where p and T are  the p re s su re  and tempera tu re  of the medium, p is the density, Cp is the specific heat,  r is 
the latent heat of phase t ransi t ion,  B is the gas constant,  and p is the molecular  weight. We use the indices 
! and 2 everywhere  to designate the liquid and the vapor  respect ively,  and the index 0 for  the unperturbed state.  
However, it is inferred f rom experiments  [3-5] that the gas dynamics  of a v a p o r - l i q u i d  medium with a bubble 
s t ruc ture  must  be formulated on the basis of a nonequilibrium approach.  A model has been proposed in [6] for  
the propagation of p r e s su re  disturbances with allowance for  the unsteady behavior  of the heat and mass  t r a n s -  
f e r  at the bubble- l iquid  phase interface during the t r ansmiss ion  of the p re s su re  pulse. As the charac te r i s t ic  
velocity in this model we adopt the "frozen" sound velocity c o , the value of which can be determined f rom the 
express ion 

t _ ( t  - ,~o) ~ § % ( i  - %) ~,~ 

in which ~0 is the initial vapor  content and 7 is the adiabatic exponent fo r  the vapor .  The experiments  r e -  
ported in [5] show that the model used in [6] for  the heat t r ans fe r  between a vapor  bubble and a liquid well de-  
sc r ibes  the dynamics of bubbles for  an a rb i t r a ry  variat ion of the external conditions (pressure  or  t e m p e r -  
ature). The same  experiments  also show that the behavior of bubbles in a p r e s s u r e  wave is s t rongly m i r r o r e d  
in the s t ructure  and evolution of the waves.  It was observed ear l ie r  [4] that under definite conditions the evolu- 
tion of a p r e s s u r e  perturbat ion in a liquid containing vapor bubbles can be affected not only by interphase heat 
and mass  t r ans fe r ,  but also by nonlinear and dispers ion effects,  which are  typical of a bubbling g a s - l i q u i d  me-  
dium [7]. 
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